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Mixing in the Kenics static mixer is optimized using computational analysis and theo-
retical concepts. A total of 54 cases were examined to consider the effect of mixer
geometry and inertia on flow and mixing performance. The effect of ®arying the stan-
dard geometry is discussed for a broad range of Reynolds numbers. While only the twist

( )angle affects performance at low flow rates Re(1 , both the element aspect ratio and
( )the twist angle are shown to be important at high flow rates ReF1,000 . The energetic

mixing efficiency decreases with increasing flow rate. Finally, a quality-dri®en design
method is de®eloped based on stretching calculations, and is illustrated for the standard
mixer design.

Introduction
While substantial progress has been achieved in recent

years in understanding laminar mixing processes, a priori
methods for designing mixing processes under practical con-
ditions are still unavailable. Most prior work falls into two

Ž .main categories: in-depth analyses of two-dimensional 2-D
model systems that have limited practical relevance, or foren-

Ž .sic a posteriori descriptions of realistic systems that provide
useful information about the case at hand, but that are diffi-
cult to generalize to other situations.

In this article, we use recently developed fundamental con-
cepts from dynamical systems theory to predict and optimize
mixing performance under a wide range of realistic design
and operating conditions. We use the Kenics static mixer,
which is one of the simplest and most common industrial

Žmixers more than 10 million disposable units are sold annu-
.ally for many different applications , in combination with a

highly accurate CFD approach, to characterize the evolution
of the mixing process, and to develop rational methods for
designing and optimizing mixing performance.

Static mixers consist of a series of flow reorientation de-
Žvices inserted along the axis of a pipe. Pressure as opposed

.to mechanical agitation drives the fluid through the device,
providing the energy needed to accomplish mixing. Static

Žmixers are often used to disperse immiscible fluids Taweel
.and Chen, 1996 , or to promote heat and mass transfer in

Žviscous fluids Grace 1971; Morris and Benyon, 1976; van der
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Meer and Hoogedoorn, 1978; Wang and Fan, 1978; Nau-
mann, 1979; Ishikawa and Kamiya, 1994; Lang et al., 1995;
Chisti and Moo-Young, 1996; Li et al., 1996; Del Carmen

.Rey et al., 1998; Cavatorta and Bohm, 1999 .
Numerous designs are on the market for static mixers. The

most common geometries include the SMX and the Kenics
static mixers. Experimental investigations of static mixers have
measured pressure drops, residence time distributions, and

Žpower consumption Nigam and Naumann, 1985; Pustelnik,
.1986; Kemblowski and Pustelnik, 1988; Naumann, 1991 . Flow

visualization in these devices is difficult due to their complex
geometry, although mixing patterns at the discharge of the

Ž .mixer has been accomplished Jaffer and Wood, 1998 . Due
to a dearth of rigorous design information, equipment design
and scale-up in the laminar and transitional regimes for static
mixers is difficult. Some correlation methods are available for
a limited range of operating conditions and applications.
However, process equipment design is often based on past
experience andror trial-error procedures.

Ž .Computational fluid dynamics CFD is an increasingly ef-
fective alternative to speed up equipment design and gain
additional fundamental understanding of mixing processes.
Only a few detailed computational studies of static mixers
have been performed to date. In earlier studies, the effects of
flow rate and geometry on Kenics mixing performance were

Žseparately considered Bakker, 1993; Ling and Zhang, 1995;
Avalosse and Crochet, 1997; Hobbs et al., 1997; Rauline et

.al., 1998, 2000 .
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While none of these studies examined in detail the mecha-
nisms that controlled mixture pattern evolution, they provide
a firm basis for the work presented here. The remainder of
this article is organized as follows: the system under investi-
gation is described and the numerical methods are used to
examine flow and mixing processes. The mixing performance
of the standard Kenics mixer is analyzed. The effect of non-
standard geometries is considered. The main result pre-
sented in this section is that operational and energetic per-
formance depend nonmonotonically on geometry and flow
rate, thus highlighting the value of effective CFD approaches
capable of considering the exact case of interest, rather than

Žcorrelation-based methods that necessarily rely on inter- and
.extra- polation. After basic concepts are firmly established, a

quality-based approach is developed for design and optimiza-
tion of mixing applications using the standard Kenics geome-
try followed by a summary, conclusions, and discussion of
possible extensions.

System Geometry and Computational Methods
Figure 1 shows a six-element standard Kenics configura-

tion. Each element is twisted by 180 degrees, alternating
clockwise and counterclockwise twists. The elements are ar-
ranged with the trailing edge of each element perpendicular
to the leading edge of the next one. In the remainder of this
article, the mixer housing is assumed to be a cylindrical tube
with diameter Ds0.0508 m, and the material thickness of
each mixer element is 2 mm. L represents the length of one
mixer element. This parameter is equal to 0.0508 m for the
LrDs1 geometry, 0.0762 m for the standard Kenics with
LrDs1.5, and 0.1016 m for the LrDs2 case. In our simula-
tions, an entrance and exit section of two element lengths is
added to the pipe to assure well-developed flow into and out
of the mixer region.

Fluid properties in the simulations were similar to glycerin
at room temperature, with density equal to 1,200 kgrm3 and

Ž .viscosity at 0.5 kgr m � s . Nine mixer geometries were consid-
ered in the present analysis and are described in Table 1.
The effect on flow and mixing of two geometric parameters,

Figure 1. Geometry of a six-element Kenics static mixer.
Ž .The element length-to-diameter ratio LrD is 1.5 and the

twist angle is 180 degrees in the standard design.

Table 1. Geometric Parameters

Ž .Geometry Aspect Ratio LrD Twist Angle per Element

1 1.0 120.0
2 1.0 150.0
3 1.0 180.0

4 1.5 120.0
5 1.5 150.0

�6 1.5 180.0

7 2.0 120.0
8 2.0 150.0
9 2.0 180.0

�Standard Kenics mixer.

the element twist angle, and LrD ratio were examined under
both creeping flow and inertial conditions. While it has al-
ready been established that the LrD ratio does not affect
mixing in the creeping flow Newtonian limit, different trends
are evident at higher Reynolds numbers. The Reynolds num-
ber was varied from 21.5 to 1,000, and six different flow con-
ditions spanning the transitional regime were considered in

Ž .1r3 Ž .1r3each of the 9 geometries: Res10 10 , 10 100 , 100,
Ž .1r3 Ž .1r3 Ž .100 10 , 100 100 and 1,000 summarized in Table 2.

Thus, a total of 54 flows were computed and analyzed in this
study.

The computational methods used to simulate flow and mix-
ing processes have been previously validated for a variety of
systems, so only a brief summary is included here; for details,

Ž .see Zalc et al. 1999, 2001 . An unstructured mesh made of
first-order, four-node tetrahedral elements was constructed
for each geometry using a geometry builder and mesh gener-

Ž .ator software ICEM CFD, Berkeley, CA . The average ele-
ment aspect ratio was 2.2. The mixer geometry was dis-
cretized to a total of about 3 million elements using 700,000
nodes. The solutions for each velocity field required about 2
CPU h and 1.2 Gbytes of memory on a single processor using

Ž .Acusolve Acusim Inc., Sarratoga, CA . In order to avoid dis-
continuities in the numerical solution the entire three-dimen-

Ž .sional 3-D velocity field was calculated at once without as-
suming any periodicity in the flow field.

The nodal values of velocity and pressure, obtained for each
of the 9 geometries at 6 flow conditions, serve as the starting
point for mixing analysis by Lagrangian particle tracking cal-
culations. Particle trajectories are computed via a fourth-
order, adaptive step-size method along the velocity vector
field

dx
s® x 1Ž . Ž .

dt

The fundamental process driving mixing in the laminar
Žregime is the stretching of intermaterial surfaces Chella and

Table 2. Range of Operating Conditions

Case Reynolds No.
1r3Ž .1 10� 10

1r3Ž .2 10� 100
3 100

1r3Ž .4 100� 10
1r3Ž .5 100� 100

6 1,000
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Ottino, 1985; Muzzio and Swanson, 1991; Beigie et al., 1993;
.Liu et al., 1994 . Mixing processes promote contact between

mixture components by stretching the interfacial area avail-
able for transport of mass and energy and, correspondingly,
by decreasing diffusional distances between various species.
The rate of increase in the contact area is measured by the
stretching of small vectors attached to fluid particles as they
move through the flow, which is computed by integrating Eq.
2

dl Ts �® � l with the initial condition l s l 2Ž . Ž .Ž .ts0 0dt

Ž .The accumulated stretching such as strain for a given parti-
cle trajectory is defined as

� �l
�s 3Ž .

� �l0

ŽThe accumulated stretching has also been defined as the
Ž . .stretch ratio Ottino et al., 1979 .

As we will see below, stretching calculations are used in
various ways to quantify the efficiency of a mixing process. In
increasing the degree of resolution, the arithmetic mean
stretching measures the global rate of generation of interma-

Ž .terial area that is, global rate of mixing . The spatially re-
solved stretching field quantifies the intensity of the mixing

Žprocess as a function of position and time Muzzio and Swan-
.son, 1991; Ottino et al., 1992 . The statistical frequency of �

values computes the spectrum of mixing intensities and, as
explained below, it is the key to a rational definition of mix-
ture quality parameters. It is computed as

1 dN log �Ž .
H log � s 4Ž . Ž .n N d log �

where N is the total number of vectors used to compute the
stretching field. Since the rate of accumulation of � is expo-
nential, the evolution of the stretching in chaotic flows can be
best described using a logarithmic scale. The base 10 loga-
rithm of � is adapted for all results discussed in this article.

Typical computations simulating 10% injection by volume
of an additive with equal density and viscosity as the main
fluid are performed by injecting a blob of 200,000 computa-
tional particles along the centerline of the Kenics. The parti-
cle trajectories are computed according to Eq. 1. These com-
putations are validated by comparison to experimental data

Ž .available in the literature Pahl and Muschelknautz, 1982 .
The computational results are treated in the same manner as
in the experimental report. The homogeneity of the system is
assessed by computing the decrease in the variation coeffi-

Ž .cient of ‘‘sample compositions’’ Danckwertz, 1952 . The
mixer cross-section is divided into a 70�70 grid of equal-size
cells. Only the cells that are entirely within the mixer cross-
section are retained. The number-based standard deviation
� is computed asN

ncells
2

N yNŽ .Ý i
is1)� s 5Ž .N ncellsy1

Figure 2. The computed relative standard deviation
( )rsd is in excellent agreement with experi-
mental data obtained by Pahl and Muschel-

( )knautz 1982 in the standard Kenics mixer at
Res0.15.

where N is defined as the number of tracer particles in boxi
i, and N is the mean number of particles per cell. Then, the

Žvariation coefficient a.k.a. the relative standard deviation,
.RSD at each axial cross-section is computed according to

2 2� y�Ž .N �
RSDs 6Ž .( 2N

Here, � is the residual value of the number-based standard�

Ždeviation a finite value for a certain number of tracer parti-
. 2cles , estimated by the value of � at the end of 24 mixer

elements.
Figure 2 compares the decrease in RSD with the number

of mixer elements for Res0.15, where both the simulated
and the experimental data are indicated. Following the ex-
perimental conditions used by Pahl and co-workers, the RSD
in the Kenics was computed for creeping flow conditions.
Linear regression of the data is used to compute the mixing
rate, which is given by the slope of the RSD curve vs. the
number of mixer elements on a log scale. The RSD decreases
at an exponential rate over 20 mixer elements with a slope of
y0.1634 in the computations, which is within 3% of the ex-

Ž 2perimental slope of y0.1589 the correlation coefficient R
for both the experimental and the computational data is

.0.986 . Such excellent agreement between the numerical re-
sults and the experimental data is representative of the accu-
racy of the numerical algorithms used for the mixing simula-
tions presented in this article.

In the next section, CFD results are used to examine the
effect of design parameters in detail.
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(Figure 3. Injecting an equal viscosity additive 10% by
)volume just upstream of the inlet region re-

veals nonuniform mixing in the standard Ken-
ics.

Ž .1r3Tracer mixing patterns for Res10 10 are shown on the
Ž . Ž . Ž .righthand side after a 2, c 8 and e 22 mixer elements.

On the lefthand side, mixing patterns at Res1,000 are indi-
Ž . Ž . Ž .cated after b 2, d 8, and f 22 mixer elements.

Mixing Performance of the Standard Kenics Mixer
Mixing simulations are shown in Figure 3. The lefthand

side of Figure 3 corresponds to three cross-sectional cuts
Ž .1r3along the Kenics mixer at Res10 10 . Inertial effects on

the flow at this Re are small compared to those observed for
Ž .Res1,000 righthand side of the figure . Both cases immedi-

ately reveal that the tracer, initially injected at the center of
the pipe, does not spread uniformly throughout the flow do-
main. Quite the contrary, it forms a well-defined pattern con-
sisting of a thousand of nested striations. Moreover, as the
mixing process continues, a self-similar process dominates the
evolution of the mixture. As the fluid travels through an in-
creasing number of elements, the mixture displaying increas-
ingly finer striations organized in a self-preserving topology.

The evolution of the mixing pattern at Res1,000 is de-
picted in Figures 3b, 3d and 3f, where the striated mixing
pattern is visible even after 22 Kenics elements. Surprisingly,
even though the end result of the mixing process at Res1,000

Ž . Ž . Ž .1r3in f is substantially different from e at Re 10 10 , it
evolves in the same manner. Independently of the amount of
inertia, the same fundamental behavior is observed at both
the low and high flow regimes, indicating that asymptotic di-

Ž .rectionality AD is a universal property of chaotic mixing
processes in static mixers for the full range of Re from creep-
ing flow to the brink of turbulence. In the next section we
examine the stretching field in the Kenics mixer, which pro-
vides further evidence for the existence of self-similar mixing
processes in the 3-D mixing system.

Self-similarity of the stretching field
We computed the stretching of small fluid filaments by the

Ž .methods described earlier see Eq. 2 . The amount of stretch-
ing each portion of fluid experiences during the mixing pro-
cess determines the mixture quality and intensity at each spa-
tial position. Initially, 200,000 passive tracer particles were
distributed uniformly in a plane halfway into the first mixer

Ž .element that is, xs1r2 L in each geometry listed in Table
1. We chose this starting position for the particles, because
the flow is the same upstream and downstream with respect

Žto this plane in the absence of inertia Hobbs and Muzzio,
. � �1998a . A stretching vector of initial dimensionless length l0

s1.0 was attached to each fluid tracer particle. The initial
orientation of each infinitesimal vector was random in the
3-D flow field. The spatial position and the accumulated
stretching of each fluid tracer was recorded as the particles

Ž Ž .passed through 24 mixer elements that is, after 2q1r2 L,
Ž . Ž . Ž . .4q1r2 L, 6q1r2 L, .... 22q1r2 L . These downstream dis-

Žtances are equivalent to units of 1 flow period. The first flow
period is indicated in Figure 1 with a schematic drawing of

.the standard Kenics mixer for further clarification.
Contours of the accumulated stretching at three axial loca-

tions are examined in Figure 4 at two flow rates. The three
figures on the lefthand side show the stretching field after 1,

Ž .1r33, and 5 flow periods at Res10 10 in Figures 4a, 4c, and
4e. Results on the righthand side of Figures 4b, 4d, and 4f
correspond to the same axial locations at a higher flow rate,
Res1,000. The accumulated stretching is color-coded on a
logarithmic scale according to the total magnitude, and plot-
ted as a function of initial particle positions. In order to high-
light the effect of tracer injection positions, regions of low
stretching appear in whitergray and regions of high � are
represented by blackrdark gray. The cross-section of the
mixer elements is represented by the white rectangle along
the diameter of the pipe in all the contour plots.

It is immediately apparent that the stretching field in the
standard Kenics at low flow rates is highly nonuniform. The
magnitude of accumulated stretching at different locations in
the flow spans several orders of magnitude. This observation
could be important to industrial practitioners, because the
distribution of stretching intensities is directly related to the
intensity of mixing experienced by material injected in each
region of the flow. Furthermore, it determines the amount of
intermaterial area available for diffusional transport, thus
setting up the landscape of reaction zones in the mixer. Based
on such an inhomogeneous field of mixing intensities, signifi-
cant variations in the local reaction rate and selectivity should
be expected in reactive applications; that is, the spatial distri-
bution of stretching can help in practical applications to se-
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Figure 4. Effect of Reynolds number on mixing perfor-
mance in the standard Kenics.

Ž .Contours of the accumulated stretching log � are shown10
Ž .1r3for Res10 10 on the lefthand side, and for Res1,000 on

Ž . Ž .the righthand side at three axial locations: a � b after 2
Ž . Ž . Ž . Ž .elements, b � c after 6 elements, and d � e after 10 ele-

ments.

lect an efficient injection location for distributing an additive
or a reactant. For example, Figure 4 suggests that fluids can
be distributed more rapidly and efficiently in the laminar flow
regime, if injected along the walls into dark, high-stretching
areas in the flow. This is fortuitous since these are also the
regions of the flow that allow maximum heat transfer, and,
thus, best control of the temperature, which is critical in most
reactive applications.

The existence of segregated regions, or islands is indicated
by the appearance of coherent low-stretching areas in the

Ž .1r3flow. At Res10 10 , several low-stretching regions emerge
in the flow above and below the static mixer element cen-

Ž .tered around elliptic nonchaotic ‘‘islands’’. Islands have been
Žpreviously documented in the Kenics at Res100 Hobbs and

.Muzzio, 1998b . In this article, we show that islands occur for
a larger range of flow rates and appear at lower Re numbers
than proved earlier. These barriers to mixing become in-
significant only when the flow rate is increased by more than

Ž .one order of magnitude beyond Res500 . Inertial effects

Ž .1r3homogenize the mixture faster at Res1,000 than at 10 10 ,
and only tiny low-stretching spots are visible after 22 mixer
elements.

As the mixing patterns have also demonstrated in Figure 3,
the apparent self-similarity in the temporal evolution of the
stretching field is due to a property called asymptotic direc-

Ž .tionality. Compare Figures 4a, 4c and 4e. Due to this prop-
erty, a material line that visits a certain region in the flow
adopts an orientation that is characteristic of that position
and independent of time. Therefore, periodic snapshots of
the cross section at different axial distances look the same
qualitatively, with some more local detail added after each
period but preserving the global structure. The surprising ob-
servation in Figure 4 is the emergence of a self-similar pat-
tern in the stretching field at Res1,000. Small-scale struc-
tures dominate the evolution of the topology at this condi-
tion, indicating that the flow is close to becoming turbulent.
However, the self-similar structure of the stretching field in-
dicates that the mixing behavior of the system is governed by
the same phenomena at high values of Re as in the deep
laminar regime, and, as a result, a great deal of order is de-
tected in this flow. The overall appearance of the stretching
field after five periods is more uniform at Res1,000, but
high-stretching manifolds near the solid walls and the center
can still be identified.

The self-similar behavior that appears in the stretching
contours can be characterized in a more quantitative manner
by computing the probability density functions corresponding
to each Reynolds number. Equation 4, discussed in the previ-
ous section, was used to analyze the stretching statistics at
each axial cross-section. Figure 5 indicates the computed pdfs
for Res1,000 in the standard Kenics geometry with LrDs

Figure 5. Self-similar evolution of stretching at a high
flow rate in the standard Kenics at Res1,000.

Ž .The probability density function of log � progressively10
broadens after 2, 6, 10, 14, 18, and 22 elements. The inset in
the figure indicates that all the pdfs can be collapsed onto a
single master curve by using standardization.
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1.5 and twist per element of 180�, where each curve corre-
sponds to a different axial cross-section along the mixer. Af-
ter 2, 6, 10, 14, 18, and 22 elements, the stretching distribu-
tions broaden and move to the right as the fluid moves down-
stream in the mixer. The mean stretching increases about five
orders of magnitude for each curve, which means that the

Žaverage diffusional distance that is, the thickness of each
.material filament shrinks at an equal rate. It is also interest-

ing to note that a small fraction of tracer elements have a
small accumulated stretching even after passing through 22
mixer elements in the Kenics mixer. It is due to having re-
gions of nonchaotic flow in the device that do not experience
exponential stretching. Another indication of this phenom-
ena is the appearance of some small ‘‘bumps’’ on the low
stretching side of the distributions, which also suggest that
small islands are still present in the flow even at high flow
rates. The changing shape of the distribution curve for the
first few periods of the flow demonstrates the asymptotic ap-
proach to the invariant template. Standardization, a common
statistical tool, can be used to reveal the self-similar charac-
teristics of stretching at Res1,000. The mean of log � is10
subtracted from the data and then divided by the standard
deviation. We can define a new variable

² :log �y log �Ž .10 10
ws 7Ž .

�log �10

Ž .and the scaled distributions are then given as H w s
Ž .dN w rdw. Standardization collapses the distributions of

stretching values to a single curve, as displayed in the inset of
Figure 5. Here, the scaled curves span over 9 orders of mag-
nitude. Having a broad spectrum of mixing intensities is in-
trinsic to all chaotic flows. However, the self-similar evolu-
tion implies that, once the invariant structure of mixing in-
tensities emerges with enough detail, it can be predicted for
any subsequent location in the flow. We can exploit this
property of chaotic flows to select the desired mixture quality
a priori when designing a static mixer for viscous mixing ap-
plications.

Effect of Flow Rate and Design Parameters
Ž .Residence time distribution rtd is the most common spec-

ification used in typical equipment design problems. The rtd
gives bulk information about the flow in a device, such as
whether short-circuiting may occur, or if significant pockets
of fluid are segregated from the bulk. On the other hand, it
cannot be used to pre-select the final mixture quality. The
rtd is not sufficient to characterize mixing microstructure; it
does not account for the distribution of intermaterial area,
stretching rates and striation thicknesses. These measures are
important parameters in determining the intimacy of contact
between mixture components.

LrrrrrD effects as a function of Reynolds number
The energy cost of inline mixers is measured by the pump-

ing cost of the fluids. Increasing the number of mixer ele-
ments or the torsion is counter-balanced by the increase in
pressure cost. The energy required to drive the reorientation
process generates an increased pressure drop through the

( )Figure 6. Increasing the aspect ratio LrrrrrD lowers the
pressure drop per element in the Kenics.
This inverse relationship is magnified at higher flow rates.

same number of elements at lower aspect ratios. Figure 6
illustrates the change in pressure drop per element as the
aspect ratio and the flow rate are increased in the Kenics
mixer. The twist angle per element was kept constant at 180�.
The average pressure at the inlet of the mixer was computed
at 1,000 points in the cross-sectional plane, and the same
method was used to obtain the pressure at the outlet before
computing the pressure drop per element. The three curves
in Figure 6 correspond to three flow rates, where the lowest
and the highest values of Re are the same as in Figures 4a

Ž .1r3and 4b, Res10 10 , and Res1,000. Decreasing LrD at
Ž .1r3Res10 10 does not increase the pressure drop per ele-

ment significantly. However, the slope of the top two curves,
which represent two higher flow rates, is significantly greater,
indicating a stronger dependence on the aspect ratio. In other
words, there is a higher energy price associated with the
shorter LrD designs.

We have demonstrated so far that even though the flow in
the standard Kenics mixer is chaotic, it does not produce
mixtures with uniform micromixing intensities. The presence

Ž .of segregated regions elliptic islands in the flow further hin-
ders mixing efficiency. Destroying these regular flow regions
should be a primary concern in applications. A natural ques-
tion is whether islands can be minimized by modifications in
the standard mixer design. In an effort to test the effects of
geometric parameters on mixing performance, we examined
the evolution of stretching in each of the 9 geometries listed
in Table 1 at the flow rates given in Table 2. Hereon, we
refer to particular mixer geometries with the number as-
signed in the lefthand side column of Table 1.

Figure 7 compares the stretching intensities in geometries
3, 6, and 9, where the twist angle per element is kept con-
stant at 180�, but LrD is varied from 1 to 2. Consider the
contours of log � for the three mixer geometries, where the10

Ž .1r3righthand side of the figure represents Res10 10 and the
lefthand side corresponds to Res1,000. As before, the mixer
housing appears as a circle and the white rectangle in the
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Figure 7. Contours of log � also reveal that the aspect10
ratio has noticeable effects on mixing perfor-
mance.
The lefthand column in the figure represents contours of

Ž .1r3log � at Res10 10 , and the righthand side corresponds10
Ž .1r3 Ž . Ž . Ž . Ž .to Res100 10 for a � b LrDs1, c � d LrDs1.5, and

Ž . Ž .e � f LrDs 2.

figure is the cross-sectional view of the static mixer element.
The top two contours in Figures 7a�7b represent an axial

Ž .distance of 10q1r2 L in geometry 3, where the aspect ratio
Ž .of each element LrD is 1. This is the lowest aspect ratio

examined in this article. Figures 7c�7d and 7e�7f correspond
to LrDs1.5 and LrDs2 at the same flow rate and axial

Ž .1r3distance, respectively. At Res10 10 , the effect of LrD on
the stretching field is minor. The structure of high stretching
manifolds is largely unchanged, and large segregated regions
appear for all three values of the element aspect ratio. As

ŽLrD is increased from 1 to 1.5 and 2.0 Figures 7a, 7c and
.7e , while the size of the islands decreases and their shape

Žand location changes, slow mixing regions whiterlight gray
.colored areas are apparent in all three geometries.

Mixing intensities appear to be more spatially homoge-
neous at Res1,000 for the two geometries with smaller as-
pect ratios. In Figure 7d, there are no large low-stretching
regions in the cross-sectional area and only minor low
stretching regions are observed in Figure 7b. On the other

( )Figure 8. Pdf of log � at three aspect ratios LrrrrrD in10
the Kenics mixer.
If the twist angle is constant at 180�, differences are notice-
able mainly at the high-stretching side at lower flow rates:
Ž . Ž .1r3 Ž .a at Res10 10 ; b the effect of LrD on mixing perfor-
mance becomes pronounced as inertial effects increase at
Res1,000.

hand, at LrDs2, larger coherent segregated regions are ap-
parent. As the flow rate is gradually increased, islands of var-
ious sizes remain in the flow. At Res1,000, the stretching

Ž .field is still less homogeneous at LrDs2 Figure 7e , than
for the lower aspect ratios.

The influence of the element aspect ratio LrD on mixing
performance is immediately apparent in the stretching proba-

Ž .bility distributions. Figure 8a represents the pdf log � after10
Ž .1r310 mixer elements for Res10 10 , whereas Figure 8b indi-

Ž .cates the pdf log � at Res1,000. In both cases, the twist10
angle is kept constant at 180�. The two distributions corre-
sponding to the two larger LrD values appear to have identi-

Ž .cal shapes. However, the pdf log � has a distinct tail at10
LrDs1.0, indicating strongly coherent high stretching areas
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Figure 9. Increasing the twist angle also increases the
pressure drop per element, due to a greater
pitch of the mixer elements.

in the flow. The situation is quite different for Res1,000,
where the LrDs2 flow produces significantly less stretching
after the same number of mixer elements than the other two
cases. The other two distributions are more symmetric, closer
to a log-normal distribution in shape, indicating that the flows
for LrDs1 and 1.5 create a more uniform field of mixing
intensities. The inverse relationship of element aspect ratio
and mixing performance is due to more frequent reorienta-
tions of the flow at lower values of LrD. The rate of stretch-
ing depends significantly on the cutting and folding process
occurring at the element-to-element transitions. In fact, at
low Re, the flow would not be chaotic without these regions.
As the LrD ratio decreases, the fluid encounters these re-
gions more frequently as it travels downstream.

Increasing the twist angle per element as a means of gain-
ing improvements in mixing performance also results in sig-
nificant effects on the pressure drop through the device. Re-
call that the pressure drop across an element is the driving
force for flow through each element of a static mixer, repre-
senting the energy cost for the flow. The pressure drop per
element differs significantly as the twist angle of each ele-
ment is altered. Figure 9 includes pressure drop data for all 9
geometries considered in this study. It is apparent that the
curves have a positive slope for each of the three flow rates
shown in the figure. Thus, there is a tendency of increasing
� P rn as the twist angle is increased, which is exactly theT
opposite trend than observed for changes in the aspect ratio.

Twist effects as a function of Reynolds number
Next, we consider the effect of changing the twist angle in

order to improve mixing efficiency. Figures 10a�10f reveal
the contours of the accumulated stretching in the Kenics

Ž .1r3mixer at Res10 10 and Res1,000. Each of the six plots
represents the same axial distance along the mixer, after the
fluid passed through a total of 10 elements. The rotation of

Žthe 10th element pictured here is from left to right or clock-
.wise , so the three twist angles in increasing order can be

Figure 10. Twist angle significantly affects mixing per-
formance in the Kenics.
Contours of log � after 10 mixer elements at two flow10

Ž . Ž . Ž . Ž . Ž . Ž .rates: a � b twist angle of 120�, c � d 150�, and e � f
Ž .1r3180� at Res100 and Res100 10 , respectively. The as-

pect ratio, LrD is kept constant at 1.5 for all cases consid-
ered here.

easily distinguished in the three rows of Figure 10. Figures
10a�10b represent 120� twist per element, Figures 10c�10d
are for 150�, and Figures 10e�10f are for 180�, where the
aspect ratio was kept constant at 1.5 for all six contours pre-

Ž .sented here. These geometries are 4, 5, and 6 in Table 1. At
the lower Re, there is a clear decrease in mixing performance
as the twist angle is increased. The case with 120� twist ap-
pears to be most homogeneous, followed by 150� and 180�.
Mixing appears to improve with increasing twist angle for Re

Ž .s1,000. Next, we examine the pdf log � for each of these10
three geometries in Figure 11. The first part of the figure
Ž . Ž .1r3Figure 11a corresponds to Res10 10 and the second

Ž .part is Res1,000 Figure 11b . The slowest rate of stretching
corresponding to the 180� geometry at low Re is apparent in

ŽFigure 11a. This flow contains macroscopic islands as op-
.posed to the other two cases, see Figure 10e , so it is not

surprising that the stretching accumulates more slowly. This
is a clear indication that the mixing performance of this con-
figuration is less effective after the same number of Kenics
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( )Figure 11. Pdf log � at three twist angles in the Ken-10
ics mixer.
The aspect ratio is kept constant at LrDs1.5. For Res
Ž .1r3 Ž .10 10 in a , the mean stretching rate is distinctly lower

Ž .in the standard geometry. For Res1,000 in b , as inertial
effects increase, the trend reverses.

elements. The trend is reversed for Res1,000, where the ge-
ometry with 180� elements appears to have the largest mean

Ž .stretching Figure 11b . This configuration creates the most
uniform spectrum of mixing intensities and distributes mate-
rials most homogeneously at high Re.

Up to this point, we considered the effect of both the ele-
ment aspect ratio and the twist angle on stretching. Universal
trends for mixing performance could not be established. In-
homogeneities of various degrees were noticeable at different
positions in each geometry depending on the flow rate, indi-
cating that there is no a priori method to predict the mixing
behavior as a function of twist angle at various flow rates.
One common trend in behavior among the three geometries
is that mixing is not improved with increasing flow rate. The
most homogeneous conditions seem to exist at the lowest flow

Figure 12. Average accumulated stretching can be used
to determine mixer efficiency during equip-
ment design.

Ž . ² :In a log � is plotted for all 9 variations considered, as10
Ž . ² :a function of the Reynolds number. In b log � r� P10

decreases for low and higher flow rates in the Kenics, indi-
cating that significant gains in mixing performance can be
accomplished by decreasing the twist angle per element.

rate for 120� and 150�, and large size islands appear in the
Ž .1r3standard geometry until Res100 10 .

The observed mixing behavior can be compared for differ-
² :ent configurations by computing log � , which is propor-10

tional to the average mixing rate in a chaotic flow. Figure 12a
summarizes that data for all 54 cases considered. The aspect
ratios are represented by three different colors and the twist
angles are distinguished by different symbols to facilitate
comparison that is, the green curves show data for LrDs1,
the red curves stand for LrDs1.5, and the blue curves rep-
resent LrDs2. Circles are used for all 120� twist, squares
for all 150� twist, and triangles for all 180� twist. Some char-
acteristics are common for all 54 cases considered. There is a
flat region in the curves at lower Re numbers that rises sharply

² :near Res100. The minimal dependence of log � on Re10
at lower Re is another indication that LrD is not very impor-
tant for flows with low inertia. On the other hand, there is a

² :distinct difference in log � for the higher Re regime, indi-10
cating a significant effect of LrD on mixing behavior exists at

Ž .higher flow rates above Res100 . Consider the set of green
curves representing LrDs1.0. If the aspect ratio is kept con-
stant, the mixer with 180� elements performs best according
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² :to the values of log � . These features are not unique to10
Ž .this aspect ratio, but also hold true for LrDs1.5 red curves

Ž .and LrDs2 blue curves . Without accounting for the dif-
ference in the driving force required for each flow, Figure
12a suggests that the design with the lowest aspect ratio and
highest twist angle is most effective.

Next, we take into account energy cost by normalizing the
mixing efficiencies in Figure 12a by � P, where � P repre-
sents the per element pressure drop. The normalized mixing

² :efficiency, log � r� P in Figure 12b provides an equal ba-10
sis for comparison. Again, three colors are used to differenti-
ate the three LrD ratios, and three different symbols repre-
sent the twist angles. The three groups of curves show data
for three different flow rates. All curves have a decreasing
slope as the twist angle of the mixer elements is increased,
indicating a reverse correlation between the mixing perfor-
mance and the twist angle. This finding is surprising in light
of the previous results of Figure 12a. The trend in mixing
behavior is now the opposite, showing that the efficiency ac-
tually decreases with increasing twist angle.

An even more nonintuitive observation is that the mixing
per energy input is not necessarily the highest for higher Re
flows in the laminar regime. The normalized efficiency

² :log � r� P is much higher for low Re flows than it is for10
high Re. Compare the three curves in the top part of the

Ž . Ž .1r3graph plotted with triangles , where Res10 10 , and the
Ž .three bottom curves plotted with circles , where Res1,000.

There is about a twofold increase in efficiency between the
highest and lowest Reynolds numbers. The third set of data
Ž . Ž .1r3plotted with squares represents Res100 10 , which is an
intermediate flow rate. It falls between the low and high ex-
treme on the efficiency plot, as expected. When trying to mix
highly-viscous and shear-sensitive materials, greater mixing
action can be achieved at a lower flow rate in the Kenics
mixer than at near turbulent conditions.

While performance characterization based on the average
behavior such as those described above can be useful, in par-
ticular in view of the fact that, due to AD, the system is char-
acterized by a single global mixing rate, one can easily envi-
sion the need to develop other methods that account for the
variability in the local intensity of the mixing process. In the
next section, we use self-similarity criteria to develop such a
measure of performance.

Microstructure-Based Design of Mixing Devices
Consider an application where the mixing requirement is

to have all fluid striations smaller than a given size specifica-
tion. One might want to ensure, for example, that the worst-
mixed region ensures a certain minimum; this is often a re-
quirement when mixing pigments into plastics. Such a final
process requirement can also occur in a polymerization pro-
cess, where the material properties are determined by the
layering and size of the filaments. Another example would be
the mixing of immiscible fluids where the striation thickness
translates into drops of a particular size. Such a micromixing
task can be accomplished if the spatial distribution of stretch-
ing is taken into account during equipment design. The nec-

Žessary link between the size of fluid striations that is, mi-
.cromixing quality and the convective mixing process is pro-

vided by stretching, that is, �� � �1rs. An upper limit on

the thickness of the striations in a mixture sets a lower limit
on the stretching that the fluid must experience during the
mixing process. The stretching data in Figure 5 can then be
used to ensure a given static mixer configuration can accom-
plish such a mixing task.

However, since stretching has a continuous monotonic
Ž .spectrum and so do striation thicknesses , a more realistic

criterion is to define 	 as the fraction of all stretching values
that exceed a particular value, so that a certain fraction of
striations have a thickness under a certain desired value. This
can be obtained simply by recalling that

s log s
sF s dss sH log s dlog sŽ . Ž .H H

0 y�

� �
y1s � �H log � d log �s H log � d log �Ž . Ž .H H

log � log �

8Ž .

Thus, a choice of maximum striation value can be used to
specify a minimum value of stretching during equipment de-
sign based on the process requirements. Thus, if we integrate
the area under the stretching spectrum for values larger than

Ž .a minimum set point Figure 5 , 	 spans a range of 0 to 1.0,
increasing as we move from the right to the left towards the
origin. Figure 13 summarizes the dependence of stretching
on the number of mixer elements at Res1,000. The sharp
maximum on the left in all the distributions occurs because a
very small fraction of fluid elements have very large stretch-
ing values.

As we move to the right along the horizontal axis, the frac-
tion of striations in the population increases. Since all stria-
tions experience some amount of stretching and deformation
in a mixing flow, as the fraction approaches 1.0 on the right,

Žstretching drops asymptotically to 0.0. At 	 s0.9 marked by
.a dark line on the figure , the total accumulated stretching

exceeded by 90% of the total population can be examined.
Recall that 2 Kenics elements correspond to 1 flow period.

Ž .After 6 elements ns3 , 90% of the striations have stretch-
ings greater than 102.33. This means that the striation thick-
ness for 90% of the fluid is 1r102.33s0.00468. As the fluid

Ž .flows downstream through 18 mixer elements ns9 , the
same fraction of striations have a stretching of 106.71 or s

6.71 Ž .y7equal to 1r10 s1.95 10 . In other words, 90% of the
fluid is homogeneous below molecular scales.

Since the stretching process in chaotic flows is self-similar,
² :the distributions of log � also evolve along a self-similar10 	

template. Once we normalize the distributions by n, the
curves approach an invariant shape as the flow period in-
creases. Thus, it is sufficient to consider the mixing process
after 14 Kenics elements. The distribution of striation thick-
nesses does not change any longer beyond this point. This
does not mean that the size of the striations remains con-

Žstant. It indicates that, except for the effect of diffusion which
.will be addressed in future publications , the size of striations

changes at the same rate locally after 14 elements as it does
after 16, 18, or any point in the device thereafter. In other
words, the local mixing intensity reaches a constant and the
size ratio of striations in neighboring regions becomes invari-
ant.

November 2003 Vol. 49, No. 11 AIChE Journal2696



Figure 13. Spatial distribution of stretching and mixing
intensity can be taken into account, if a mix-
ing criterion based on the striation thickness
distribution is chosen.

Ž .In a the mixing criterion based on striation thickness is
plotted for Res10 3�10 as a function of the stretching nec-
essary to achieve the required micromixing efficiency. The
efficiency curves are plotted for the mixing process at six
different mixer lengths: after 2, 6, 10, 14, 18, and 22 Kenics
elements. The inset indicates that the efficiency curves col-
lapse to a single curve as the number of flow periods is

Ž .increased. The same efficiency curves are indicated in b
for Res1,000.

² :Next, we examine the effect of Re on log � . This helps10 	

understand the effect of flow rate on mixture quality. As
shown in Figure 13b, for lower Reynolds numbers, the amount
of stretching per element is much lower than for the nearly
turbulent conditions of Figure 13a, although once again,
curves corresponding to different numbers of periods asymp-
totically approach an invariant shape. Figure 14 describes the

² :asymptotic distribution of log � rn at different flow rates.10 	

The four curves are similar in shape and represent a change
Žin flow rate over four orders of magnitude from 0.15 to

.1,000 . Interestingly, the order of the four curves does not
follow a monotonic pattern as the Reynolds number in-
creases. The two most efficient Re for decreasing the stria-

Žtion thicknesses in the mixture are Res1,000 curve with dark
. Ž .squares , followed by Res0.15 curve with dark triangles .

Figure 14. Mixing criterion based on striation thickness
is plotted for four different flow rates in the
Kenics mixer.
The axis on the lefthand side indicates the necessary
stretching for the required striation thickness normalized
by the flow period. The axis on the righthand side indi-
cates the pressure drop normalized by the flow period for
the four flow rates.

The total pressure drop, normalized by the flow period n
is also shown on Figure 14 in order to compare the mixture
quality and the energy cost of the mixing process at each flow
rate. Since the operating cost of static mixers is given by the
pressure drop required to drive the flow, � P rn is the nor-T
malized energy cost required to accomplish each flow rate.
Let’s now demonstrate how this data can be used in a practi-
cal design application of a static mixer, where the final mix-
ture quality is chosen as the main criterion.

As an example, consider a mixing process where the re-
quired final mixture must have 90% of striations below one-

Ž y7tenth of a micron that is, s �10 and 	 s0.90 and90
Ž . . Žlog � s7.0 . The fluid viscosity and density 
 and �,10 90

.respectively are known parameters, and one can obtain a
range of standard sizes for the diameter of the mixer hous-
ing. The diameter of the static mixer D, the total number of

Ž .elements 2n , and the total pressure drop � P must be de-T
termined for each design. Let us consider a mixer housing
with Ds2.0 in.s5.08 cm.

Since Figure 13 established that striation thicknesses were
reduced most effectively at Res1,000 and Res0.15, we
compare two designs with Res1,000 and Res0.15. The flow

Ž .rate for a given D and Re is given by Qs� D
 Re r4� and
the element length of the mixer is then set by knowing the
aspect ratio LrD.

Next, we determine the total number of elements needed
for the mixing application, which also establishes the total
length of the device. Go to Figure 5, where the required

Ž Ž . .quality log � s7.0 is indicated by a vertical line. At 	10 90
s0.90, we get in Figure 13a approximately ns9. Thus, for
90% of all fluid striations to be thinner than a micron, a total
number of 9 flow periods or 18 Kenics elements are required.
For the same mixture quality, Figure 13b indicates that ap-
proximately 15 flow periods, or 30 mixer elements, are neces-
sary to accomplish the same task at Res0.15. The 1.5-fold
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increase in total length may not be beneficial, for example, if
floor space is restricted. However, we now take into account
the energy cost of mixing for each design and use Figure 14
to determine � P for the two designs. For 	 s 0.90,T

Ž . Ž .log � P s5.60 at Res1,000 solid dark line or � P s10 T T
Ž .6 Ž .3.58 10 Pa. On the other hand, log � P s2.08 for Res10 T
Ž .0.15 dash-dot line or � P s1,803 Pa. There is about aT

2,000-fold difference in pumping costs between the two de-
signs. In practice, one can then decide whether the operating
costs outweigh the advantage of having a shorter static mixer
for a given application.

Conclusions
The Kenics static mixer is the subject of a detailed compu-

tational analysis of flow and mixing that includes nine varia-
Ž .tions in geometry including the standard design and six flow

conditions. A trend in mixing behavior, previously observed
under creeping flow conditions, is reinforced: the element as-

Ž .pect ratio LrD does not contribute significantly to mixing
Žefficiency, if the flow is in the low inertia regime that is,

.Re�100 . However, LrD impacts mixing performance at high
flow rates, and promotes the existence of segregated regions
in the flow if increased. The mixing efficiency can be affected
more significantly by the twist angle per mixer element, which
changes performance at both low and high flow rates. We
observed a common trend in that the intensity of mixing did
not improve monotonically as the flow rate was increased.
Segregated zones appeared in the flow at intermediate Re
values, and affected a significant range of flow conditions.
Taking into account the energy requirements for flow in each
design, the mixing efficiency showed a surprising reverse trend
with increasing flow rate. Mixing performance was actually
greater for flows with a small amount of inertia, than at the
near-turbulent condition of Res1,000, which has implica-
tions on processes using shear-sensitive viscous materials. The
same mixing action can actually be accomplished when lower-
ing the flow rate, sparing the possibility of shear damage to

Žthe fluid. Designs with lower twist angles in the window of
.120� to 150� per mixer element are recommended.

For the first time, we observed that mixing structures evolve
along a self-similar template for flows that are approaching
turbulence, which implies that the system retains structure
and even if inertial forces have a significant contribution to
the flow. The characteristic mixing behavior of the system,
based on the evolution of the stretching field, is established
after about 10 mixer elements, leading to the development of
micromixing-based criteria for mixing performance. The range
of mixing intensities created by the flow converges to an in-
variant distribution for all the flow rates considered, which
remain highly inhomogeneous throughout the device, regard-
less of the number of elements added thereafter.
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